and the icosahedral phase i-AlllnSi or Allln. A transmission electron microscopy (T.E.14.) study of a melt-spun ribbon where the two phases coexist, establishes clearly their relationships. I t i s shown t h a t both structures can be described with common basic unit -a double Al-lln icosahedra-connected in parallel orientation along their 3-fold axes by octahedral tln bonds. A detenninist i c connection of the icosahedra in the i-phase appears t o be consistent with a 3 dim-Penrose t i l i n g . A large size i-skeleton i s then computer generated, wnere tne decoration by icosahedra of the t i l i n g , prescribed by s t e r i c const r a i n t s , i s solved by a graph theory algorithm . Projections of the model on planes perpendicular t o symmetry axes and ca1cu:ated diffraction patterns, orc?compared xith hi.jh resolution T.E.M. and diffraction data, indicate that i t contains the main point of the i-phase structure in these alloys.
I -INTRODUCTION
One expects the physical properties of quasi-crystals, of which only l i t t l e i s known today, to rely f o r lon wave length excitations on t h e i r long range orientational order or translationnay quasiperiodicity, and f o r short wave length ones on t h e i r local atomic arrangements.
Soon a f t e r the discovery of the icosahedral phase (i-phase) in Al-Mn by Shecthtman e t a l . / I / , the long range problem was solved by the very elegant and powerful1 technique of cut and prciection of periodic 6-dimensional hyperlattices /2/ /3/ /4/, leading t o a 3 dim.-generalization of the Penrose t i l i n g (3 DPT). The agreement of the Fourier transform of such a quasilattice w i t h experimental electron diffraction data was sufficiently good to assign a second order role to the local atomic order. 
However s i g n i f i c a n t i n t e n s i t y v a r i a t i o n s observed i n d i f f r a c t i o n experiments w i t h varying s c a t t e r i n g lengths ( X rays /6/, neutrons /7/, see a l s o t h i s conference) e v idenced t h e existence o f an atomic o r d e r i n g on t h e q u a s i -l a t t i c e s i t e s .
Solve t h e l o c a l order i s equivalent t o decorate w i t h atoms t h e p r o l a t e and o b l a t e rhombohedra1 t i l e s o f t h e q u a s i -l a t t i c e , w i t h a special d i f f i c u l t y inherent t o t h e matching r u l e s c o n s t r a i n i n g t h e t i l i n g : i t i s not obvious thatan uniouepair o f e l ementary t i l e s can be defined. On t h e other hand i t i s c l e a r t h a t t h e decoration i s easier t o perform i n t h e 3 dim-space, i n order t o reap advantage from t h e elementary r u l e s o f chemistry ; a f u r t h e r climb o f t h e atoms i n t h e 6 dim-hyperspace f o r s 4 n p l e r F o u r i e r transform c a l c u l a t i o n s i s possible.
I t a l s o appears simpler and w i t h a physical ground t o decorate t h e 3 DPT by polyatomic c l u s t e r s which preserve i t s icosahedral symmetry elements : icosahedron, dodecahedron, rhombic triacontahedron ... The s i z e o f t h e u n i t s implies t o s t a r t w i t h a basic bare t i l i n g o f convenient s i z e ( f i x e d by t h e edge length AR o f t h e rhombohed r a l t i l e s ) . The analysis o f t h e r e s u l t i n g modelling, i n a f u r t h e r step, may be done i n terms o f atoms locations, and consider, whether o r n o t a d e f l a t e d atomic t i l i n g e x i s t s .
A n a t u r a l choice o f t h e dressing c l u s t e r s can be adressed t o c r y s t a l l i n e phases, where t h e r e are known t o e x i s t b u t packed p e r i o d i c a l l y . On t h e basis o f t h e i n t r i n s i c s t a b i l i t y o f t h e d u s t e r s , the d i f f e r e n c e between c r y s t a l s and quasi-crystals i s then r e l a t e d t o t h e i r c o n n e c t i v i t y (coordination number, bond l e n g t h ) and i t s long range propagation ( p e r i o d i c ; aperiodic b u t d e t e r m i n i s t i c ; a t random). To t h a t respect, l i q u i d , amorphous, q u a s i c r y s t a l l i n e and c r y s t a l l i n e s t a t e s may enter i n t o a s i n g l e f i l i a t i o n , where the formation k i n e t i c s i s suspected t o p l a y an important r o l e .
I n i t i a l l y , we f o l l o w e d a p a r t o f t h i s procedure, by t r i a l and e r r o r , borrowing i c osahedral u n i t s and bonds o f t h e c r y s t a l l i n e cubic a-phase i n AlMnSi o r AlFeSi. I n t r oducing a simple breaking o f p e r i o d i c i t y i n t h e connection o f t h e icosahedra, we proposed a r e a l i s t i c s t r u c t u r e o f t h e i-phase i n AlMn /7/. Independently, t h e development o f t h e c u t and p r o j e c t i o n technique l e d E l s e r and Henley /8,9/ t o a s i m i l a r r e s u l t , a f t e r describing t h e cubic c r y s t a l through a 6 d i m -s t r i p o f r a t i o n a l slope, approximant o f t h e golden number $I = ( 1 + &)/2.
I n t h e present work, we g i v e a more complete s t r u c t u r a l approach o f t h e .i-phase. W e f i r s t introduce t h e cubic a-phase, as observed during t h e c r y s t a l l i z a t i o n o f a meltspun AlFeSi glass. W e show next, i n a melt-spun AlMnSi r i b b o n where a and i-phase coexist, t h e close r e l a t i o n s between c r y s t a l and q u a s i c r y s t a l . The relevance t o use t h e icosahedral u n i t s o f t h e a phase t o b u i l d t h e i-phase i s o u t l i n e d . F i n a l l y a q u a s i c r y s t a l i s computer generated w i t h a s i z e close t o t h e c o r r e l a t i o n length experimental l y determined i n AlMn -a 20 nm -/5/. The decoration o f t h e 3 DPT i s solved by a graph algorithm, and beyond t h e basic icosahedron various l a r g e r atomic u n i t s are a l s o tested. Projections o f t h e model on planes perpendicular t o symnetry axes and F o u r i e r transforms are compared w i t h high r e s o l u t i o n e l e c t r o n microscopy and d i f f r a c t i o n data.
I 1 -THE a-PHASE
The cubic a phase has f i r s t a strong s i m i l a r i t y w i t h t h e i-phase i n i t s as grown dend r i t i c morphology : i n Fig. l a ) , a a c r y s t a l has been formed a f t e r heating a meltspun A17 FeljSi17 glass /lo/, whereas i n F i g . l b ) , t h e quasi-crystals are as spun from a melt ~PfjMn. A comparison o f t h e i r respective stoichiometry, as determined by X-EDS analysis i n a scanning transmission e l e c t r o n microscope (STEM) /10//11/ i s also i n st r u c t i v e : A18Fe2Si f o r a, A14Mn f o r i, i .e. t h e r a t i o o f t r a n s i t i o n metal t o aluminium atoms has a cormon value o f 20 %. F i n a l l y a strong c o r r e l a t i o n i n e l e c t r o n d i ff r a c t i o n p a t t e r n s was n o t i c e d /7/ /12/, somewhat d e t a i l e d l a t e r i n t h e study of an as spun A174 gMn2 S i 5 8 ribbon, where i -a n d a-phases are found t o coexist, announces a r e l a t i o n s h i p be?wee~ t h e s t r u c t u r e s o f t h e two phases. a-AlMnSi, which maintains t h e icosahedra i n t h e same o r i e n t a t i o n . I n s i d e t h i s skeleton, t h e A1 icosahedra are connected through < I l l > chains o f t h r e e bonding A1 octahedra, whereas others A1 atoms cap t h e Mn icosahedral v e r t i c e s . I t i s i n t e r e s t i n g t o note t h a t the vacancy i n t r a n s i t i o n metal a t t h e center o f t h e A 1 icosahedron i s also discarded i n t h e i-phase from MBssbauer data /IS/.
I 1 1 -RELATIONSHIPS BETWEEN a-AND i-PHASE IN A174.2%$i -5.8 I t i s now known t h a t a small a d d i t i o n o f S i s t a b l i z e s t h e i-phase and confers i t a higher quasi-crystal 1 i n e p e r f e c t i o n as compared w i t h t h e i-phase i n AlMn /16/. Furthermore a small p r o p o r t i o n o f a phase, which c o e x i s t s . w i t h t h e i-phase i n t h e r i bbons, confirms (see a l s o /17/) t h e t i g h t s t r u c t u r a l connection t h a t we i n i t i a l l y suggested when t h e two phases were separately formed /7/ /12/. k l o g i c a l idea t o ~:ioael the i-phase s t r u c t u r e i s t o paclc icosanecra maintaining t h e sace orientation i n oraer t o propagate a t long range t h e i r o r i e n t a t i o n a l order. A packing vertex-to-vertex o r eage-to-edge, as i n i t i a l l y proposed by Shechtnan and Alech /la/, see a l s o /lJ/,suffers from a r o t a t i o n freedom arouna t h e connection, which makes t h e r u l e somewhat "ad hoc". A t t h e opposite the face-to-face connection as i n t h e f i r s t cousin a-phase, i s r i g i d .
Fig. 3a) i s a b r i g h t f i e l d micrograph o f t h e t i p o f a d e n d r i t e where i s l a n d s o f iphase c o e x i s t w i t h t h e a-phase. Convenient t i l t s around [ O 1 O l a and [ I O 1 l a allow t o e s t a b l i s h t h e o r i e n t a t i o n r e l a t i o n s h i p s between t h e two phases
Applying t h i s % f o l d a x i s connection, we f i r s t b u i l t by hands /7/ /11/ a double i c osahedra skeleton according t o t h e f o l l o w i n g r u l e s : f o r s t e r i c c o n s t r a i n t s no octahedral bonds on adjacent icosahedron faces a r e allowed ; the f i r s t -n e i g h b o u r s coord i n a t i o n number must be lower than 8, which insures t h e t r a n s l a t i o n a l p e r i o d i c i t y o f t h e a-phase ; the distance between f i r s t -n e i g h b o u r i n g icosahedra along a 3 -f o l d a x i s iaay be s l i g h t l y a t variance from t h i s i n t h e a-phase. A l o c a l icosahed r a l symmetry o f t h e model was obtained, which comparison o f atoms p r o j e c t i o n s w i t h high r e s o l u t i o n micrographs, and o f dense atomic plane spacings w i t h d i f f r a c t i o n data /5/ was s a t i s f a c t o r y /li/.
The r e s u l t s of5.111, i n terms o f t h e d i f f r a c t i o n indexation /12/, a l l o w t o determine the s i z e a i o f the Mn icosahedron edge i n t h e i-phase :
i/ w i t h i n the p r e c i s i o n o f t h e d i f f r a c t i o n p a t t e r n o f Fig. 3b ), t h e (005) r ef l e x i o n l i e s a t half-distance of (111010)j and (110000)i, from which we deduce a i = 2/5 a = 5.07 A.
ii/ the i -f r i n g e s o f F i g . 4a), pependicular t o t h e 3 -f o l d axis, correspond t o (110001)i ; t h e i r spacing, a i ($ + 1)/2~'3, as measured from t h e d i r e c t l y imaged cubic c e l l a, i s equal t o 3.66 1 ; then a i = 5.10 A. :lnzoSi s~ (a), and r e l a t e d d i f f r a c t i o n p a t t e r n s a f t e r convenient t i l t :C!e!17tbf t o ( f 5 -see t e x t f o r d e t a i l s -(g) summarizes t h e o r i e n t a t i o n r e l a t i o nships. The weak spots o f t h e p a t t e r n -(e) are formed by double d i f f r a c t i o n by t h e i-phase of t h e a d i f f r a c t e d beams : due t o the a p e r i o d i c i t y o f t h e i-phase, t h i s e f f e c t gives r i s e t o rows o f spots. The l o c a l analysis o f t h i s skeleton showed t h a t i t was c o n s i s t e n t w i t h 3 DPT rhombohedral t i l e s , o f edge l e n g t h A2 = a i $2 m / 2 /12/, shown i n F i g . 5. Four o f the e i g n t v e r t i c e s o f both t i l e s are occupied by a double icosahedron, on t h e oppos i t e v e r t i c e s o f t h e rhombic faces ; whereas the o b l a t e rhombohedron i s always empty, two types o f p r o l a t e ones a r e d i s t i n g u i s h e d : one which contains one icosahedron on i t s l a r g e diagonal, i n the r a t i o 1: @ f r o m the occupied vertex t o t h e vacant one ( F i s . 5), the o t h e r being empty. The opposite faces o f these rhombohedra are n o t equivalent, which precludes t h e i r t r a n s l a t i o n a l p e r i o d i c packing.
On t h i s basis, an extended skeleton has been computer generated, decorating t h e t i l e s o f a 3 DPT,built by the c u t and p r o j e c t i o n method /2/, w i t h icosahedra accor- superimposes e x a c t l y on t h e micrograph ( s e e t e x t ) . To v i s u a l i z e t h e s t r u c t u r e , t n e p r o j e c t i o n s o f the icosahedra skeleton on planes normal t o t h e icosahedron symmetry axes have been made. Examples are given i n F i s . 6. As emphasized i n /7/ and /12/, these p r o j e c t i o n s show t h a t t h e atoms l i e i n planes p a r a l l e l t o t h e 
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The agreement w i t h a p r o j e c t e d skeleton i n f l a t e d o f $4 w i t h respect t o t h i s described i n g.IV-2, i s indeed s t r i k i n g .
On t h e o t h e r hand, t h e icosahedra skeleton i s e v i d e n t l y a loose s t r u c t u r e , o f s t o ichiometry A1-Mn, and although the average icosahedra coordination number, near 5.5, i s higher than t h e value 3.4 obtained by Stern e t a l . ( t h i s conference) f o r a random packing, others atoms A1 and Mn must be added i n order t o achieve the c o r r e c t s t o ichiometry (% A14Pin) and density, 3.7 , which i s close t o t h e a phase d e n s i t y (see
Audier and Guyot, t h i s conference).
To t h a t respect, two attempts have been made : i/ t h e a d d i t i o n o f 30 A1 atoms i n t h e middle o f each icosahedron edge, d e f i n i n g the 54-atom i4ackay icosahedron, as proposed by E l s e r and Henley /8/. But i f the stoichiometry i s almost c o r r e c t (A142 I.lnl2), t h e d e n s i t y i s s t i l l t o small.
ii/ t h e surrounding o f each icosahedron by a triacontahedron, which s i t e s can be occupied by e i t h e r :In o r A1 atoms. F i g . 8 shows such a s t r u c t u r e , w i t h o n l y F. 1n atoms a t t h e v e r t i c e s of t h e triacontahedra. I t can be seen t h a t two adjacent tricontahedra e i t h e r share a face, o r overlapp, which makes t r i c k y the estimation o f the density.
The respective m e r i t s o f t h e models are now examined w i t h respect t o t h e i r F o u r i e r transforms. Cuts o f t h i s F o u r i e r transform by planes perpendicular t o a 2 f o l d and a 5 fold-axes a r e shown i n Fig. 9 for t h e icosahedra skeleton (a), t h e P.lackay icosahedra (b), and icosahedra-fin triacontahedra ( c ) . The s c a t t e r i n g lengths have been taken w i t h o u t s c a t t e r i n g angle v a r i a t i o n ( f y , / f~l = 1.77, f o r the s i m u l a t i o n o f t h e e i t h e r e l e c t r o n o r X-rays d i f f r a c t i o n ) . Theke p a t t e r n s appear s i m i l a r t o the observed e l e c t r o n d i f f r a c t i o n patterns, w i t h however c e r t a i n differences f o r each o f them ; f o r example the i n t e n s i t y r a t i o I (100000)/1 (110000) i s lower than u n i t y f o r the icosahedra and triacontahedra models, whereas i t i s l a r g e r than u n i t y f o r t h e Flackay icosahedra and t h e experimental patterns. Calculations o f neutron d i f f r a c t i o n ( f ? d n / f~1 = -1.11) have a l s o been made, leading t o r e f l e x i o n i n t e n s i t y v a r i a t i o n s i n q u a l i t a t i v e agreement w i t h the r e s u l t s o f Dubois e t a l . /6/.
iiowever, even i f the essential features o f t h e d i f f r a c t i o n p a t t e r n s (symmetry secquence o f peaks and s c a l i n g along the symmetry axes a r e conveniently reproduc& by the models, a complete comparison o f the ' i n t e n s i t i e s w i t h experiments, w i t h o u t posit i o n n i n g a l l t h e atoms i s premature. And again, stoichiometry and d e n s i t y must remove any F o u r i e r space degeneracy. This i s long we1 1 knownfrom model 1 i n g t h e amorphous state.. . F i n a l l y we s t r e s s the d i f f e r e n c e between our model, which i s a 3 DPT decorated by icosahedra, and an elementary 3 DPT decorated by atoms. A f t e r decorating the 3 DPT o f edge length AR, smaller t i l e s of edge length a r = Ar a-2, decorated by atoms, may be considered as described i n /12/. But t h e v e r t i c e s o f t h i s a r t i l i n g do n o t form a Furthermore, depending on which way the d i f f r a c t i o n pa terns a r e indexed, d i f f e r e n t values o f ar = ~~6 -2 are obtained i n i-Al% : e i t h e r 4.85 k f r a n fl2/ which i s r e l a t e d t o a Hendricks-Tel l e r a n a l y s i s of t h e s t r u c t u r e /22/, o r 4.61, according t o E l s e r /3/.
On t h e basis o f t h e present r e s u l t s , we b e l i e v e t h a t i n AlMnSi, a and i-phases have i n common t h e same Al-Mn double icosahedron, w i t h the dimensions p r e v i o u s l y given. However i n t h e a-phase, the hln atoms do n o t 1 i e e x a c t l y a t the v e r t i c e s o f rhombohedral t i l e s : they are s l i g h t l y (2. 5.4 %) displaced beyond t h e v e r t i c e s o f rhombohedra o f edge length 4.6 A, as schematically drawn i n F i g . 10. .So jt would be i n the i-phase, i f one keep the same t i l e s . The S i atoms are I n s u b s t i t u t~o n on t h e A1 subl a t t i c e . All the computations are made in the 6-dimensional space associated with the projection method. Vertices are integer sextuplets, rhombohedra are three-dimensionnal cubes and are represented by a 6-dimension integer point and three axes. At each step we choose the oldest face in the list, so the tiling grows compactly.
A two dimensionnal illustration with the Penrose tiling is given on the figure below. Here the "rhombohedra" are the rhombs and the "faces" are the edges.
2-Decoration of the tiling :
The Duneau-Katz 3DPT gives us a skeleton to build the net of icosahedra connected with octahedra. The tiling is decorated with the three rhombohedric motif : the oblate rhombohedron and the two prolate ones. There are two groups of icosahedra on the tiling : vertex icosahedra which stand on vertices of the tiling and internal icosahedra which are found inside some prolate rhombohedra. Note that every octahedron connects a vertex icosahedron and an internal icosahedron-two icosahedra of the same groupe cannot be connected.
Half the vertices are decorated with a vertex icosahedron. The rule is that no C3-402 JOURNAL DE PHYSIQUE a d j a c e n t v e r t i c e s can be b o t h decorated. I f we remember t h a t v e r t i c e s a r e t h e p r o j e ct i o n of i n t e g e r s e x t u p l e t s and t h a t two v e r t i c e s a r e a d j a c e n t i f t h e y d i f f e r on one and o n l y one c o o r d i n a t e by u n i t y , we have a procedure t o choose t h e decorated v e r t ices. Namely, add t h e s i x i n t e g e r c o o r d i n a t e s and ( w i t h o u t l o s s o f g e n e r a l i t y ) we decorate t h e v e r t e x if t h i s sum i s even. F i n d i n g t h e i n t e r n a l icosahedra i s n o t as easy because t h e r e i s no g l o b a l r u l e l i k e t h e c o o r d i n a t e sum. We have o n l y a l o c a l e x c l u s i o n r u l e which d e s c r i b e s when two adjacent p r o l a t e rhombohedra cannot b o t h have an i n t e r n a l icosahedron. A l l rhombic faces a r e decorated w i t h two d i a g o n a l l y opposed v e r t e x icosahedra. L e t us c a l l a face a c r i t i c a l f a c e if t h e two icosahedra a r e on t h e l o n g d i a g o n a l . Two p r o l a t e rhombohedra s h a r i n g a c r i t i c a l face cannot b o t h c o n t a i n an i n t e r n a l icosahedron. Since, otherwise, t h e icosahedron on t h e sharp v e r t e x o f t h e two rhombohedra would be connected w i t h t h e two i n t e r n a l icosahedra. Consequently two connecting octahedra would be on two a d j a c e n t faces of t h e icosahedron -a c o n f i g u r a t i o n f o r b i d d e n i n t h e model. 1 r \ m 7 internal icosahedron -The i n t e r n a l icosahedron problem can be r e s t a t e d u s i n g granh t h e o r y . Consider t h e graph whose v e r t i c e s a r e t h e p r o l a t e rhombohedra. Two v e r t i c e s a r e connected w i t h an edge i f t h e two rhombohedra share a c r i t i c a l face, t h u s t h e y cannot b o t h c o n t a i n an i n t e r n a l icosahedron. The s e t o f p r o l a t e rhombohedra containing an i n t e r n a l icosahedron i s a s t a b l e set o f t h i s graph ( a s t a b l e s e t i s a set of v e r t i c e s o f a graph containing no edges). The problem o f f i n d i n g a s t a b l e set w i t h maximum c a r d i n a l i t y i s very d i f f i c u l t , b u t i n our problem we can use a very simple a l g o r i t h m w i t h good r e s u l t s . The algorithm i s c a l l e d greedy algorithm because i t scans t h e v e r t i c e s adding them t o t h e s t a b l e set whenever i t i s possible and never reverses on a decision. This algorithm i s executed during t h e c o n s t r u c t i o n o f t h e t i l i n g : f o r each new prol a t e rhombohedron added t o t h e t i l i n g we add an i n t e r n a l icosahedron i f t h e rhombohedron does n o t share a c r i t i c a l face w i t h a rhombohedron already present i n t h e t i l i n g and containing an i n t e r n a l icosahedron.
Using t h i s algorithm we b u i l t a model o f 1000 rhombohedra and t h e decoration gave 1095 icosahedra, t h e coordinates o f those icosahedra were recorded i n d i s k f i l e s . Using t h i s data we made a l l t h e computations : F o u r i e r transforms, p r o j e c t i o n o f t h e atoms, coordination numbers, ... 
